In 7] a characterization of transitive permutation groups having a non-self-paired suborbit of length 2 (with respect to which the corresponding orbital graph is connected) was obtained in terms of their point stabilizers. As a consequence, elementary abelian groups were proved to be the only possible abelian point stabilizers arising from such actions, and D 8 was shown to be the only nonabelian group of order 8 with the same property. Constructions of such group actions with point stabilizers isomorphic to D 8 or to Z Z h 2 , h 1, were also given there. These results are extended here to include a more in depth analysis of the structure of point stabilizers of such group actions, resulting in a set of necessary conditions allowing us to obtain a restricted list of 19 possible candidates for point stabilizers of such group actions when the point stabilizers have order 2 h , h 8. (For h 5, this list gives a complete classi cation of such point stabilizers.) Furthermore, a construction of a transitive permutation group action with a non-self-paired suborbit of length 2 and point stabilizer isomorphic to D 8 Z Z h?3 2 is given for each h 3.
Introduction
Throughout this paper groups are assumed to be nite, unless speci ed otherwise. By a graph we mean an ordered pair (V; E), where V is a nite nonempty set and E is a symmetric irre exive relation on V whose transitive closure is the universal relation on V . (Graphs are thus assumed to be nite and connected.) For graph-theoretic and group-theoretic terms not de ned here we refer the reader to 1, 2, 3, 13] . If a graph X admits a vertex-and edge-but not arc-transitive action of a subgroup G of its automorphism group Aut X, in short, a 1 2 -arc-transitive action of G. We say that X is (G; 1 2 )-arctransitive in this case. If G = Aut X we say that X is 1 2 -arc-transitive. The work in this paper is motivated by results on point stabilizers of transitive permutation groups having suborbits of small length 8, 9, 11, 14] and by recent research in vertex-and edge-but not arc-transitive graphs { see 5, 10, 12] . It is easily seen that the class of transitive permutation group having a connected self-paired suborbit of length 2 consists of dihedral groups alone. (A suborbit will be referred to as connected if the corresponding orbital graph is connected.) On the other hand, we have the classical results on point stabilizers by Tutte 11] and Wong 14] in the case of self-paired suborbits of length 3, and by Sims 9] in the case of primitive permutation groups and self-paired suborbits of length 4. Some partial results for other lengths are also known (see 8] ).
The aim of this paper is to continue the study of the structure of transitive permutation groups having a connected non-self-paired suborbit of length 2 (with the emphasis on their point stabilizers) initiated in 7] . From a graphtheoretic point of view this is equivalent to the study of the structure of connected graphs of valency 4 admitting a vertex-and edge-but not arctransitive group action, in particular, the study of the corresponding vertex stabilizers.
A lack of general machinery for these sort of problems makes the study of the structure of transitive permutation groups having a (connected) nonself-paired suborbit of length 2 a rather di cult task. As a starting point one would need to have a set of group-theoretic conditions ful lled by a pair of groups (G; H), where G has a (connected) non-self-paired suborbit of length 2 in its action on the set of left cosets of H. Such a characterization was obtained in 7] . Such pairs are called2-creators (see Section 2 for the de niton). Now when investigating2-creative pairs of groups, two or three steps are taken, depending on whether the context is group-or graph-theoretic.
Step 1 would consist in the study of \local" structural properties of the group H (in the2-creative pair (G; H)), that is, those properties of the point stabilizer H that are implicitly subsumed in the de nition of a2-creative pair of groups and can be, at least in theory, extracted from there. Such groups H are called concentric (for reasons that will become apparent in Section 2 where the de nition is given).
As for Step 2, one needs to \imbed" a concentric group H into a supergroup G in such a way that the pair (G; H) is a2-creator. Note that the di culties involved in each of these two steps are quite di erent in nature. The rst step is purely group-theoretic, whereas the second presupposes, at least implicitly, a graphical realization of some sort.
Finally, Step 3 concerns the relative orbital graph corresponding to a (connected) non-self-paired suborbit in the action of G on (left) cosets of H, and is of course, of interest only from a graph-theoretic point of view: is the group G the full automorphism group of this graph, or more precisely, is this graph 1 2 -arc-transitive of is it arc-transitive? It is the rst two steps that we are interested in here. As mentioned above, a characterization of transitive permutation groups having a (connected) non-self-paired suborbit of length 2 in terms of their point stabilizers was obtained in 7] . (Note that the point stabilizer of such an action is necessarily a 2-group.) As a consequence, elementary abelian groups were proved to be the only possible abelian point stabilizers arising from such actions, and D 8 was proved to be the only nonabelian group of order 8 with the same property. Moreover, constructions of such group actions with point stabilizers isomorphic to D 8 or to Z Z h 2 , h 1, were also given there, that is, an in nite family of 4-valent graphs admitting a 1 2 -arc-transitive group action was constructed when the corresponding vertex stabilizer is either elementary abelian or the dihedral group of order 8. For other constructions of such actions with abelian point stabilizers see 4, 6] .
In this paper we go a step further by presenting a more detailed analysis of the structure of concentric groups (Step 1), and hence, of the structure of point stabilizers of transitive groups with a (connected) non-self-paired suborbit of length 2, resulting in a restricted list of possible point stabilizers of order 2 h , h 8 Table 1 ). Finally, in Section 4 a construction of a transitive permutation group action with a (connected) non-self-paired suborbit of length 2 and point stabilizer isomorphic to D 8 Z Z h?3 2 is given for each h 3 (Step 2). As a consequence, we have for every h 3 a construction of a connected 4-valent graph admitting a 1 2 -arc-transitive group action with the respective stabilizer isomorphic to the group D 8 Z Z h?3 2 , giving us a family of such graphs with arbitrary large nonabelian vertex stabilizers.
For the rest of the paper by a suborbit we shall always mean a connected suborbit.
2 The structure of point stabilizers An ordered pair of groups (G; H) where H is a subgroup of G is said to be a2-creator (or2-creative) provided the following four conditions are satis ed. It follows from Theorem 3.1 that concentric groups of order 2 h ; h 8 split into four families characterized by the nonabelian factors in their direct product decomposition. Constructions of2-creators of the form (G; Z Z h 2 ) are known for every h 1 (see 7] ). In fact an even stronger result holds: for every h 1 there are in nitely many 1 2 -arc-transitive graphs whose vertex stabilizer is isomorphic to Z Z h 2 see 6]. Point stabilizers isomorphic to the direct products of one copy of D 8 with an elementary abelian group are investigated in the subsequent section where2-creators of the form (G; D 8 Z Z h 2 ) are given. As concerns the other two families, let us remark that we know no example of a transitive permutation group having a non-self-paired suborbit of length 2 whose point stabilizer is neither elementary abelian nor a product of D 8 with an elementary abelian group. However, checking all possible relations between the involutory generators of H, a list of h relations in terms of the generators a, b of the group G can be produced (see part (A1) in the de niton of a2-creative pair of groups for the de niton of a and b). To nd an imbedding of a particular concentric group H into a ( nite) group G such that the pair is2-creative, it amounts to nding a nite quotient of the group determined by the above mentioned list of relations in which the relations are irreducible. To be more precise we have the following characterization theorem. Proof. Let us note that part (i) of the theorem was proved in 7, Theorem 4.1]. The arguments used in the proof of each of (ii) -(iv) are similar. We show here only the proof of part (iii).
Assume that the pair (G; H) is a2-creator and that H = D 2 Since ' h ' ?1 (0) = e 1 = 1 (0), the regularity of the action of H on V forces '( h )' ?1 = 1 , which is equivalent to the identity ' h = 1 '. However, ' h (e h?1 ) = e 1 + e h and 1 '(e h?1 ) = e 1 + e h + z, a contradiction.
By restating the above theorem in graph-theoretic terms we have, in view of Theorem 2.1, the following corollary.
Corollary 4.2 Let h 3 be an integer. Then there exist a connected 4-valent graph X and a group G Aut X such that X is (G; 1 2 )-arc-transitive with vertex stabilizer isomorphic to D 8 Z Z h?3 2 ).
